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Hamiltonian homogeneity on a complex contact manifold
Osami Yasukura
Abstract. The notion of c-manifolds is introduced as a generalization of
complex contact manifolds as well as the degree of symplectifications. And
the condition of infinitesimal Hamiltonian homogeneity on a c-manifold is
established by means of a moment map defined on the symplectification.
0. Introduction.
This paper is concerned with a complex contact manifold (Z, JZ ; γ), i.e. a
complex manifold (Z, JZ ) with a complex contact structure γ in the sense of
S. Kobayashi [11]. W.M. Boothby [4, 5] obtained that any connected simply
connected compact homogeneous complex contact manifold is biholomor-
phic to the adjoint variety ZG of a finitely dimensional complex simple Lie
algebra G of rank ≧ 2 with the canonical complex contact structure (cf.
[22]), where the complex contact structure is uniquely determined up to bi-
holomorphisms by T. Nitta & M. Takeuchi [16, Example 1.1, Theorem 1.7]
(cf. [15, 2.2.Proposition]), called a ka¨hlerian C-space of Boothby type.
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In §1, the notion of a c-manifold is defined as a complex contact manifold
(of complex dimension ≧ 3) or a complex 1-dimensional manifold. And a
concept of a principal contact bundle with a degree δ is introduced on a
complex manifold as well as a notion of a symplectification of degree δ on a
c-manifold, which unifies several notions of symplectifications on a (complex)
contact manifold [4, 1, 16] such that every c-manifold (Z, JZ ; γ) admits a
principal contact bundle of degree 1, (Pγ , Jγ ; R˘λ(λ ∈ C×), pγ ; θγ), called the
standard symplectification (Lemma 1.2), on which any symplectification of
degree δ covers as a |δ|-covering space (Corollary 1.7).
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In §2, for a c-manifold (Z, JZ ; γ) with a symplectification (P, J ; θ) of
degree δ, it appears that the complex Lie algebra a(Z, JZ ; γ) of all con-
tactly holomorphic vector fields is C-linear isomorphic to the following
three C-linear spaces (Theorem 2.3): Oδ(P, J) of all homogeneous holo-
morphic functions of degree δ on (P, J), aδ(P, J) of the Hamiltonian vec-
tor fields of all functions in Oδ(P, J), and Γ(Lγ) of all holomorphic sec-
tions of the contact line bundle Lγ on (Z, JZ ; γ). In general, for a holo-
morphic line bundle L on a complex manifold Z and the dual line bun-
dle L∗ with the canonical projection pL∗ : L∗ −→ Z, put PL := L∗\0
with the restricted scalar multiple action RL∗,λ of λ ∈ C× := C\0 on
PL|ζ ⊂ L∗|ζ (ζ ∈ Z) with the canonical projection pL∗ : PL −→ Z, so
that (PL;RL∗,λ(λ ∈ C×), pL∗) is a holomorphic principal C×-bundle. Let
O(PL) be the C-linear space of all holomorphic functions on PL. And Γ(L)
the C-linear space of all holomorphic sections of L. For an integer ℓ, put
Oℓ(PL) := {f ∈ O(PL)| f ◦RL∗,λ = λℓ · f (λ ∈ C×)}. Let < η, ξ >L denote
the C-value of η ∈ L∗|ζ on ξ ∈ L|ζ at ζ ∈ Z. For any ϕ ∈ Γ(L), put ιL(ϕ) :
PL −→ C; η 7→ ιL(ϕ)(η) :=< η,ϕ(p(η)) >L. For any f ∈ O1(PL), there
exists ΣL(f) ∈ Γ(L) such that f(η) =< η,ΣL(f)|pL∗(η) >L for all η ∈ PL.
Then ιL : Γ(L) −→ O1(PL);ϕ 7→ ιL(ϕ) is a C-linear isomorphism with the
inverse ΣL : O1(PL) −→ Γ(L); f 7→ ΣL(f). Put νm : PL −→ PL⊗m ; η 7→ η⊗m
for a positive integer m, which satisfies that νm ◦ RL∗,λ = R(L⊗m)∗,λm ◦ νm
for all λ ∈ C×. Then ιmL : Γ(L⊗m) −→ Om(PL);ϕ 7→ ιmL (ϕ) := ιL⊗m(ϕ) ◦ νm
is a C-linear mapping such that ιmL (ϕ)(η) =< η
⊗m, ϕ|p(L⊗m)∗(η) >L⊗m for
all η ∈ PL.
Lemma 0.1. For every positive integerm, ιmL is a C-linear isomorphism.
Proof: For any f ∈ Om(PL), there exists ΣmL (f) ∈ Γ(L⊗m) such that
f(η) =< η⊗m,ΣmL (f)|p(L⊗m)∗(η) >L⊗m for all η ∈ PL. Then (ιmL )−1 = ΣmL :
Om(PL) −→ Γ(L⊗m); f 7→ ΣmL (f).
For a finite subset {ϕ0, · · · , ϕN} of Γ(L), the associated map is defined
as Φ : PL −→ CN+1; η 7→ Φ(η) := (ιL(ϕ0)(η), · · · , ιL(ϕN )(η)). Then Φ ◦
RL∗,λ = R˜λ ◦Φ for all λ ∈ C×, where R˜λ denotes the scalar multiple by λ on
CN+1. By definition, L is said to be very ample (resp. immersional) iff there
exists a finite subset {ϕ0, · · · , ϕN} of Γ(L) such that the projectivization
[Φ] : Z −→ PNC of the associated map Φ is well-defined as a holomorphic
embedding (resp. immersion), i.e. the associated map Φ is an embedding
(resp. an immersion). For a positive integer m, L is said to be ample of
order m (resp. immersionally ample of order m) iff L⊗m is very ample (resp.
immersional). By abbreviation, L is said to be ample (or immersionally
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ample) iff L is ample (resp. immersionally ample) of order m for some
positive integer m. By constructing a moment map of degree 1, the following
result is proved in an elementary way (cf. [4], [23, Theorem 2], [2]):
Proposition 0.2. For a connected compact c-manifold, if the contact
line bundle is immersional, then it is isomorphic to the adjoint variety
of a finitely dimensional complex simple Lie algebra with the canonical c-
structure, so that the contact line bundle is very ample.
1. Principal contact bundles on a c-manifold
Let (Z, JZ) be a complex manifold with the real tangent bundle TZ.
And X (Z) the Lie algebra of all smooth real vector fields on Z. Let Diff(Z)
be the group of all smooth diffeomorphisms on Z. And put
Aut(Z, JZ) := {α ∈ Diff(Z)| α∗ ◦ JZ = JZ ◦ α∗}.
For X ∈ X (Z), let LX be the Lie derivative operator acting on a smooth
tensor on Z. Put a(Z, JZ ) := {X ∈ X (X)| LXJZ = 0}, which is a complex
Lie algebra with respect to the complex structure JZ : X 7→ JZX. For
the complex number field C = R ⊕ √−1R, put T cZ := C ⊗R TZ =
1 ⊗ TZ +√−1 ⊗ TZ = TZ +√−1TZ as the complexification of TZ. For
X = X1+
√−1X2 ∈ T cZ, putX := X1−
√−1X2, Re(X) := X1 = (X+X)/2
and Im(X) := X2 = (X −X)/2. Let T ′Z (resp. T ′′Z) be the (1, 0) (resp.
(0, 1))-tangent bundle of (Z, JZ) as the
√−1 (resp. −√−1) eigen subspace
of T cZ with JZ . For X ∈ T cZ, put
X ′ :=
1
2
(X −√−1JZX) ∈ T ′Z and X ′′ := 1
2
(X +
√−1JZX) ∈ T ′′Z.
Then X = X ′ + X ′′, 2Re(X ′) = X (X ∈ TZ), 2Re(Y )′ = Y (Y ∈ T ′Z).
The holomorphic structure of TZ is induced from T ′Z by a complex vector
bundle isomorphism: (TZ, JZ) −→ (T ′Z,
√−1);X 7→ X ′. Put X c(Z) :=
C⊗RX (Z), which contains a complex Lie subalgebra a(Z, JZ )′ := {X ′| X ∈
a(Z, JZ )} isomorphic to a(Z, JZ). Let Λr(T ∗′Z) be the r-alternating tensor
product of the dual complex vector bundle T ∗
′
Z of T ′Z. Put Ar,0(Z) :=
Γ(Λr(T ∗
′
Z)) as the set of all holomorphic sections of Λr(T ∗
′
Z), that is,
the set of all holomorphic (r, 0)-forms on (Z, JZ). Let O(Z, JZ) be the
C-algebra of all holomorphic functions on (Z, JZ). For any holomorphic
mapping p : (P, J) −→ (Z, JZ), the C-linear extension of the differential
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p∗ : TP −→ TZ is denoted by the same letter p∗ : T cP −→ T cZ. And the
restriction to T ′P and T ′Z is denoted as p∗′ : T ′P −→ T ′Z.
Assume that (Z, JZ) is a complex manifold of dimCZ = 2n+ 1 ≧ 1, an
odd number. Let γ be a set of local holomorphic (1, 0)-forms γi : T
′Vi −→ C
defined on open subsets Vi of Z with Z = ∪iVi such that
(C. 1) (γi ∧ (dγi)∧n)|ζ 6= 0 at all ζ ∈ Vi (when 2n+ 1 ≧ 3);
γi|ζ 6= 0 ∈ T ∗′Vi at all ζ ∈ Vi (when 2n+ 1 = 1); and
(C. 2) γi = fijγj on Vi ∩ Vj for some fij ∈ O(Vi ∩ Vj, JZ).
In this case, γ is called a c-structure on (Z, JZ), and (Z, JZ ; γ) is called a
c-manifold with the c-distribution Eγ := {X ∈ T ′Z| γi(X) = 0 for some i}.
When dimCZ ≧ 3, γ is called a complex contact structure, and (Z, JZ ; γ)
is a complex contact manifold in the sense of S. Kobayashi [11, 12]. Two
c-structures γ, ω on (Z, JZ) are said to be equivalent iff Eγ = Eω. When
dimCZ = 1, Eγ = 0 for any c-structure γ on (Z, JZ ). Let C(Z, JZ) be
the set of the equivalence classes [γ] of all c-structures γ on (Z, JZ). A
mapping α : Z −→ W between two c-manifolds (Z, JZ ; γ) and (W,JW ;ω)
is said to be an isomorphism iff α is a biholomorphism such that α∗Eγ =
Eω. And (Z, JZ ; γ) and (W,JW ;ω) are called isomorphic iff there exists an
isomorphism α : Z −→ W . When the dimension of W and Z is non less
than three, the terminology of “an isomorphism” (resp. “isomorphic”) is also
termed as “a contact biholomorphism” (resp. “contactly biholomorphic”).
Let (Z, JZ ; γ) be a c-manifold. Put
Aut(Z, JZ ; γ) := {α ∈ Aut(Z, JZ)| α∗Eγ = Eγ}; and
a(Z, JZ ; γ) := {X ∈ a(Z, JZ)| LXγi = f · γi for some f ∈ O(Vi, JZ)},
where LX denotes the Lie derivative by X. And the contact line bundle
is defined as the quotient line bundle Lγ := T
′Z/Eγ with the canonical
projection ωγ : T
′Z −→ Lγ . For γi ∈ γ and ζ ∈ Vi, let γ˘i(ζ) ∈ L∗γ |ζ be
defined such that γi(X) =< γ˘i(ζ), ̟γ(X) >Lγ for all X ∈ T ′ζZ. Then
γ˘i : Vi −→ L∗γ ; ζ 7→ γ˘i(ζ) is a holomorphic local section of L∗γ . By the
condition (C. 1), γ˘i is non-vanishing. Hence, a holomorphic local section si
of Lγ defined on Vi is determined by the equation: < γ˘i(ζ), si(ζ) >Lγ= 1
for ζ ∈ Vi. Put the canonical line bundle of (Z, JZ) as KZ := Λ2n+1(T ∗′Z).
Proposition 1.1. (i) (S. Kobayashi [12, p.29]) ̟γ |T ′Vi = γisi;
(ii) (S. Kobayashi [11, Theorem (2)]) (L∗γ)
⊗(n+1) ∼= KZ .
Proof. (i) For X ∈ TζZ, take νi(X) ∈ C such that ̟γ(X) = νi(X)(si|ζ).
Then γi(X) =< γ˘i(ζ), ̟γ(X) >Lγ= νi(X) < γ˘i(ζ), si(ζ) >Lγ= νi(X).
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(ii) Note that (γ˘i)
⊗(n+1) is a non-vanishing holomorphic local section
of (L∗γ)⊗(n+1). By (C. 1), γi ∧ (dγi)∧n is a non-vanishing holomorphic local
section of KZ . Because of (γ˘i)
⊗(n+1) = (fij)(n+1)(γ˘j)⊗(n+1) and γi∧(dγi)n =
(fij)
(n+1)γj ∧ (dγj)n, the following map is well-defined:
(L∗γ)
⊗(n+1) −→ KZ ; c(γ˘i)⊗(n+1) 7→ c(γi ∧ (dγi)n) (c ∈ R),
which gives an isomorphism between holomorphic line bundles.
Put (Pγ , Jγ ; R˘λ(λ ∈ C×), pγ) := (PLγ ;RL∗γ ,λ(λ ∈ C×), pL∗γ ) as a holo-
morphic principal C×-bundle on (Z, JZ) (see, for general notations, §0. In-
troduction). Let π : T ′Pγ −→ Pγ be the canonical projection. Put
θγ(X) :=< π(X), ̟γ(pγ∗X) >Lγ
for X ∈ T ′Pγ , which defines a holomorphic (1, 0)-form θγ on (Pγ , Jγ). With
respect to local trivializations, ψi : Vi ×C× −→ p−1γ (Vi); (ζ, λ) 7→ R˘λγ˘i|ζ , it
is represented as follows:
(P. γ) θγ |ψi(ζ,λ) = λ · p∗γ(γi|ζ).
Lemma 1.2. Let (Z, JZ ; γ) be a c-manifold with γ := {(γi, Vi)}. And
(P, J ;Rλ(λ ∈ C×), p) a holomorphic principal C×-bundle on (Z, JZ) with
holomorphic local sections {(σi, Vi)}. Let θ be a holomorphic (1, 0)-form θ
on (P, J) which admits an integer δ such that
(P. γ)δ θ|ψi(ζ,λ) = λδ · p∗γi|ζ
with respect to the local trivialization ψi : Vi ×C× −→ P ; (ζ, λ) 7→ Rλσi(ζ).
Then:
(i) dθ = δλδ−1 · dλ ∧ p∗γi + λδ · p∗(dγi) on p−1(Vi).
(ii) (P, J ;Rλ(λ ∈ C×), p; θ) satisfies the following four conditions:
(P. 0) ker′ θ := {X ∈ T ′P | θ(X) = 0} = p−1∗′ Eγ ;
(P. 1) ker′ θ k p−1∗′ (0);
(P. 2)δ R
∗
λθ = λ
δθ for all λ ∈ C×.
(iii) δ 6= 0 if and only if
(P. 3) (P, J ; dθ) is a holomorphic symplectic manifold.
Proof. (i) It follows by direct calculations from the assumption (P. γ)δ.
(ii) The condition (P. 2)δ follows from (P. γ)δ , And that X ∈ ker′ θ iff
γi(p∗X) = 0 for X ∈ T ′Vi, so that ker′ θ = p−1∗′ (ker′ γi) = p−1∗′ Eγ on Vi,
which is (P. 0). And (P. 1) follows from (P. 0).
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(iii) If δ = 0, then dθ = p∗(dγi) on p−1(Vi), which is degenerate because
of p∗(ψi∗(0ζ ⊕ TC×)) = {0ζ}. Assume that δ 6= 0. Put dimCZ = 2n + 1.
Then (dθ)∧(n+1) = (n+1)δλ(n+1)δ−1 ·dλ∧p∗(γi∧ (dγi)∧n) on p−1(Vi), which
is not zero by virtue of the condition (C. 1). Hence, dθ is non-degenerate,
that is the condition (P. 3).
By definition, a principal contact bundle of degree δ on (Z, JZ) is a holo-
morphic principal C×-bundle (P, J ;Rλ (λ ∈ C×), p) on a complex mani-
fold (Z, JZ) with a holomorphic (1, 0)-form θ on P satisfying the conditions
(P. 1), (P. 2)δ and (P. 3) defined in Lemma 1.2 (cf. [4, §2], [16, Theorem
1.3]). For a c-manifold (Z, JZ ; γ), a principal contact bundle of degree δ on
(Z, JZ ) satisfying the condition (P. 0) is called a symplectification of degree
δ on (Z, JZ ; γ).
Lemma 1.3. Let (P, J ;Rλ(λ ∈ C×), p); θ) be a principal contact bundle
of degree δ on a complex manifold (Z, JZ). Take a set {σi : Vi −→ P} of
holomorphic local sections of the canonical projection p : P −→ Z such that
Z = ∪iVi. Put γθ := {γi ∈ A1,0(Vi)} with γi := σ∗i θ : T ′Vi −→ C. Then:
(i) {ψi : Vi × C× −→ p−1(Vi); (ζ, λ) 7→ Rλσi(ζ)} defines a system of
locally trivializing holomorphic coordinates on (P, J ;Rλ(λ ∈ C×), p).
(ii) At each ψi(ζ, λ) ∈ p−1(Vi), θ|ψi(ζ,λ) = λδ · p∗(γi|ζ), so that δ 6= 0.
(iii) There exists a non-negative integer n such that dimCP = 2n+2 and
dimCZ = 2n+1. Put E := p∗(ker
′ θ). Then E|Vi = ker′γi, ker′ θ = p−1∗′ E.
(iv) (Z, JZ ; γθ) is a c-manifold with Eγθ := p∗(ker
′ θ), so that [γθ] does
not depend on the choice of a set {σi} of holomorphic local sections of the
canonical projection p : P −→ Z. And (P, J ;Rλ(λ ∈ C×), p; θ) is a sym-
plectification of degree δ on (Z, JZ ; γθ).
Proof. (i) The holomorphy of the coordinates follows from the holomor-
phy of the principal action Rλ(λ ∈ C×) on P .
(ii) Note that (σi ◦ p)ψi(ζ, λ) = σi(ζ) = R1/λψi(ζ, λ). By (P. 2), p∗γi =
θ ◦ (σi ◦ p)∗ = θ ◦ R1/λ∗ = θ/λδ on ψi∗(ζ,λ)(TζVi ⊕ 0λ). By (P. 1), one has
that θ = λδp∗γi. By (P. 3) and Lemma 1.2 (iii), r 6= 0.
(iii) By (P. 3), dimCP is an even number, say, 2n + 2 ≧ 2. Then
dimCZ = dimCP − 1 = 2n+1 ≧ 1. By (ii), θ = λδ · p∗γi on p−1(Vi). Then
E|Vi = ker′γi and ker′θ|p−1(Vi) = p−1∗′ (ker′γi) = p−1∗′ (E|Vi), as required.
(iv) Putting λi : p
−1(Vi) −→ C×; η = Rλσi(p(η)) 7→ λ, one has that
η = Rλi(η)σi(p(η)) = Rλj(η)σj(p(η)) for η ∈ p−1(Vi ∩ Vj). And put hij :=
λj/λi : p
−1(Vi ∩ Vj) −→ C×. Then there exists a holomorphic function
gij on Vi ∩ Vj such that p∗gij = hij . In this case, σi = Rgijσj. Hence,
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γi = σ
∗
i θ = θ ◦ Rgij∗ ◦ σj∗ = gδij · θ ◦ σj∗ = gδij · γj, that is (C. 2) for
fij := g
δ
ij . When dimCP = 2: dγi = 0 by dimCZ = 1. By (P. 3),
0 6= dθ|p−1(Vi) = δλδ−1i dλi ∧ p∗γi. Hence, γi 6= 0, that is (C. 1). When
dimCP = 2n + 2 ≧ 4: (dθ)
n+1 = δλ
(n+1)δ−1
i dλi ∧ p∗(γi ∧ (dγi)n) 6= 0 by
(P. 3). Then γi∧(dγi)n 6= 0, that is (C. 1). Hence, (Z, JZ ; γθ) is a c-manifold.
And (P, J ;Rλ(λ ∈ C×), p; θ) is a symplectification of (Z, JZ ; γθ), because of
(ii), Eγθ |Vi := ker′γi = E|Vi and ker′θ = p−1∗′ E = p−1∗′ Eγθ .
Example 1.4. (Principal contact bundles of degree δ)
(i) (Symplectifications of degree ±1) Let (Z, JZ ; γ) be a c-manifold. By
the condition (P. γ) and Lemma 1.2, (Pγ , Jγ ; R˘λ(λ ∈ C×), pγ ; θγ) is a prin-
cipal contact bundle of degree 1 on (Z, JZ), and also a symplectification of
degree 1 on (Z, JZ ; γ), called the standard symplectification of (Z, JZ ; γ).
(i-1) Put R˘−λ := R˘
−1
λ . Then (Pγ , Jγ ; R˘
−
λ (λ ∈ C×), pγ ; θγ) is a symplecti-
fication of degree −1 on (Z, JZ ; γ).
(i-2) (V.I. Arnold [1], T. Oshima & H. Komatsu [18]) As a complex
manifold, Pγ is identified with Fγ := {λγi|ζ ∈ T ∗′Z| λ ∈ C×, ζ ∈ Z, γi ∈ γ}
by µ1 : Fγ −→ Pγ ;λγi|ζ 7→ λγ˘i(ζ). Hence, (Fγ ;µ−11 ◦ R˘λ ◦µ1(λ ∈ C×);µ∗1θγ)
is a symplectification of degree 1 on (Z, JZ ; γ).
(i-3) (T. Nitta & M. Takeuchi [16, Theorem 1.3]) Put L×γ := Lγ\0
with p : L×γ −→ Z and π : T ′L×γ −→ L×γ ;X 7→ π(X) as the canonical
projections. Then (L×γ ;RLγ ,λ(λ ∈ C), p) is a holomorphic principal C×-
bundle. For any η ∈ L×γ , put ηˆ : C −→ Lγ |p(η);λ 7→ RLγ ,λη, which is a
C-linear isomorphism, by which L×γ is identified with the C-linear frame
bundle of Lγ . Put θ
−
γ (X) := πˆ(X)
−1(̟γ(p∗X)) for X ∈ T ′L×γ . Then
(L×γ ;RLγ ,λ(λ ∈ C×), p; θ−γ ) is a symplectification of degree −1 on (Z, JZ ; γ).
(i-4) (When dimCZ = 1) Put P := T
∗′Z\0 with the canonical projection
p : P −→ Z, on which the restriction of the canonical complex structure J
on T ∗
′
Z and the scalar multiple Rλ (λ ∈ C×) on each C-linear fiber of T ∗′Z
are well-defined. Then θ ∈ A1,0(P ) is defined as θ(X) :=< π(X), p∗X >T ′Z
for X ∈ T ′P , where π : T ′P −→ P is the canonical projection, so that
θ = λ(p∗dzi) on p−1(Vi) by the local trivializations given as ψi : Vi×C× −→
P ; (ζ, λ) 7→ λdzi|ζ with the complex coordinates {(zi, Vi)} on (Z, JZ). And
(P, J ;Rλ(λ ∈ C×), p; θ) is a principal contact bundle of degree 1 on (Z, JZ ),
which is the standard symplectification of (Z, JZ ; {(dzi, Vi)}).
(ii) (Hopf-fibration) Let ∼ be the equivalence relation on the non-zero
row vectors C×N+1 := CN+1\{0} defined as follows: For z, w ∈ C×N+1, z ∼ w
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iff there exists λ ∈ C× such that z = λw(=: R˜λw). Put PNC := CN+1/ ∼,
the complex pojective space of complex dimension N with p˜ : C×N+1 −→
PNC; z = (z0, · · · , zN ) 7→ p˜N (z) =: [z0 : · · · : zN ]. Then (C×N+1; p˜, R˜λ(λ ∈
C
×)) is a holomorphic principal C×-bundle on PNC. For i ∈ {0, · · · , N},
put ζi : CN+1 −→ C; z = (z0, · · · , zN ) 7→ zi. Assume that N = 2n+ 1 ≧ 1.
(ii-1) By means of the canonical coordinates (ζ0, ζ1, . . . , ζ2n+1) on C
×
2n+2,
put θ˜ :=
∑n
k=0(ζkdζk+n+1 − ζk+n+1dζk). Then θ˜ ∈ A1,0(C×2n+2). And
(C×2n+2; R˜λ(λ ∈ C×), p˜; θ˜) is a principal contact bundle of degree 2 on
P2n+1C.
(ii-2) Put C×2n+2 := {{±z}| z ∈ C×2n+2} as the quotient space of C×2n+2
by the fixed point free action R˜a of a ∈ Z2 := {1,−1} on C×2n+2 with the
canonical projection µ2 : C
×
2n+2 −→ C×2n+2; z 7→ {±z}. Put Rλ{±z} :=
{±√λz}, p : C×2n+2 −→ P2n+1C; {±z} 7→ p˜(z). Then Rλ2 ◦ µ2 = µ2 ◦ R˜λ,
p ◦ µ2 = p˜. And (C×2n+2; p,Rλ(λ ∈ C×)) is a holomorphic principal C×-
bundle on P2n+1C. Because of R˜
∗
aθ˜ = a
2θ˜ = θ˜ (a ∈ Z2), there exists a
holomorphic (1, 0)-form θ on C×2n+2 such that µ
∗
2θ = θ˜. In this case, θ
satisfies the conditions (P. 1) and (P. 3) because of (P. 1) and (P. 3) on θ˜.
And µ∗2(R
∗
λ2θ) = R˜
∗
λ(µ
∗
2θ) = R˜
∗
λθ˜ = λ
2θ˜ = µ∗2(λ
2θ) because of (P. 2) on θ˜.
Since µ2∗ is bijective at each tangent space, R∗λ2θ = λ
2θ for λ ∈ C×, that is
(P. 2) on θ. Hence, (C×2n+2;Rλ(λ ∈ C×), p; θ) is a principal contact bundle
of degree 1 on P2n+1C.
(iii) (Adjoint varieties) Let G be a complex simple Lie algebra with the
product [X,Y ] of X,Y ∈ G, a Cartan subalgebra H, the set △ of all roots,
and the root space Gα := {X ∈ G|[H,X] = α(H)X (H ∈ H)} of α ∈ △.
Since the Killing form BG : G ×G −→ C is non-degenerate on H [7, (2.2.2)],
hα ∈ H for α ∈ △ is defined as BG(hα,H) = α(H) for all H ∈ H. Then
HR := ⊕α∈△Rhα is a real form of H, on which BG is positive-definite
[7, (2.3.4)]. By H. Weyl, there exists eα ∈ Gα such that [eα, e−α] = −hα
and [eα, eβ ] = Nα,β eα+β with R ∋ Nα,β = N−α,−β, BG(H, eα) = 0 and
BG(eα, eβ) = −rα,−β for α, β ∈ △, H ∈ H [7, (2.2.5), (2.6.4), (2.6.5),
p.171], so that U := {H +∑α∈△ xαeα| H ∈ √−1HR, C ∋ xα = x−α}
is a compact real form of G. Take a lexicographic ordering on HR with
△+ := {α ∈ △| α > 0}. Let ρ be the highest root in △+ with Hρ :=
2
BG(hρ,hρ)
hρ. Then G = ⊕i∈ZGi for Gi := {X ∈ G| [Hρ,X] = iX} with
Gi = {0} ( |i| ≧ 3 ), G±2 = G±ρ, G±1 = ⊕α(Hρ)=±1Gα and G0 = H ⊕
(⊕α(Hρ)=0Gα) as a Z-graded Lie algebra [22, 4.2.Theorem] (cf. [8]). Put
L := {Y ∈ G| [Y,Gρ] j Gρ} = ⊕i=0,1,2 Gi, L0 := {X ∈ G|[X,Gρ] = 0} and
G00 := G0 ∩L0. Then G0 = CHρ⊕G00, L0 = G00⊕G1⊕G2✁L = CHρ⊕L0
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and G00 = {
∑
i[X−i,X+i]| X±i ∈ G±1} (cf. [9, Lemma 1]).
Let End(G) be the associative C-algebra of all C-linear endomorphisms
on G and GL(G) the group of all non-singular elements in End(G) with
the identity transformation 1 : G −→ G;X 7→ X and the exponential
mapping exp : End(G) −→ GL(G); f 7→ ef := ∑∞n=0 fnn! . Put Aut(G) :=
{α ∈ GL(G)| α[X,Y ] = [αX,αY ]}, G the identity connected component
of Aut(G), and expG := exp ◦ ad : G −→ GL(G);X 7→ ead(X), where
ad : G −→ End(G);X 7→ ad(X) is defined by ad(X)Y := [X,Y ] for Y ∈ G.
For g ∈ G, put Lg, Rg : G −→ G such as Lg(f) := gf , Rg(f) := fg (f ∈ G),
and that Ag := Lg ◦ Rg−1 with expG(gY ) = Ag(expG(Y )). For Y ∈ G, put
Y L := ddt
∣∣
t=0
LexpG(tY ) and Y
R := ddt
∣∣
t=0
RexpG(tY ) as smooth vector fields
on G. Because of expG(tY )g = gAg−1(expG(tY )) = gexpG(tg
−1Y ),
Y L|g = (g−1Y )R|g (1)
at each g ∈ G. Moreover, (dAg)Y R = (gY )R, (dLg)Y R = Y R, (dRg)Y R =
(dAg−1)(dLg−1)Y
R = (g−1Y )R, (dν)Y R = (−Y )L, [XR, Y R] = [X,Y ]R and
[XL, Y L] = (−[X,Y ])L. Let JG be a smooth section of EndR(TG) given
by JGX
R := (
√−1X)R. Put SJ(X˜, Y˜ ) := [X˜, Y˜ ] + J [JX˜, Y˜ ] + J [X˜, JY˜ ]−
[JX˜, JY˜ ] with X˜ := X,XR; Y˜ := Y, Y R; and J := JG,
√−1; respectively.
Then SJG(X
R, Y R) = S√−1(X,Y )
R = 0R = 0. Hence, JG is a complex
structure on G. By the equation (1),
JGY
L
∣∣
g
= JG(g
−1Y )R
∣∣
g
= (
√−1g−1Y )R∣∣
g
= (
√−1Y )L∣∣
g
, (2)
(dLf )JGY
R = (
√−1Y )R = JG(dLf )Y R, (dRf )JGY R = (
√−1f−1Y )R =
JG(dRf )Y
R, (dν)JGY
R = (−√−1Y )L = JG(−Y )L = JG(dν)Y R, so that
(G, JG) is a complex Lie group. By Campbell-Hausdorff-Dynkin formula [19,
p.29], Y R|expG(X) = ddt
∣∣
t=0
expG(X)expG(tY ) =
d
dt
∣∣
t=0
expG(X+ tβX(Y )) ∈
TexpG(X)G for some C-linear mapping βX : G −→ G;Y 7→ βX(Y ). Then βX
is surjective since expG : G −→ G is locally diffeomorphic. For X,Z ∈ G,
put g = expG(X) and Y ∈ G such as Z = βX(Y ). Then ddt
∣∣
t=0
expG(X +
tZ) = ddt
∣∣
t=0
expG(X + tβX(Y )) = Y
R|g and JGY R|g = (
√−1Y )R|g =
d
dt
∣∣
t=0
expG(X + tβX(
√−1Y )) = ddt
∣∣
t=0
expG(X + t
√−1Z). Hence, expG :
(G,√−1) −→ (G, JG) is holomorphic, so that
φg := Lg ◦ expG : G −→ G;X 7→ g · expG(X) = g · eadX
gives holomorphic local coordinates of G around g ∈ G, and that (G, JG)
is a complex submanifold of (End(G),√−1·) by the canonical embedding,
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ιG : G −→ End(G); g 7→ g, since ιG ◦ φg : G −→ End(G);X 7→ g · eadX is
holomorphic. Then πP : (G, JG) −→ (G,
√−1·); g 7→ geρ and πZ := pG ◦πP :
(G, JG) −→ CP (G); g 7→ gGρ are holomorphic, where CP (G) is the complex
projective space of G with the canonical projection pG : G\0 −→ CP (G).
Put PG := πP (G) j G and ZG := πZ(G) such that ZG = pG(PG). In this
case, PG is a G-homogeneous affine algebraic variety in G with the complex
structure JP :=
√−1 · |TPG , and that ZG is a G-homogeneous projective
algebraic variety with the complex structure JZ such that p
∗
GJZ = JP , called
the adjoint variety of G (cf. [8, Theorem 3.1]).
(iii-0) Put L := {α ∈ G| αGρ = Gρ} with πG/L : G −→ G/L; g 7→ gL.
Then L is a complex algebraic subgroup of G corresponding to L. Put
L0 := {α ∈ G| αeρ = eρ} with πG/L0 : G −→ G/L0; g 7→ gL0. Because of
Rf∗ ◦ JG = JG ◦ Rf∗ (f ∈ L), there are complex structures JG/L0 , JG/L on
G/L0, G/L such that JG/L0◦πG/L0∗ = πG/L0∗◦JG, JG/L◦πG/L∗ = πG/L∗◦JG,
respectively. Put pˆ : (G/L0, JG/L0) −→ (G/L, JG/L) such that πG/L = pˆ ◦
πG/L0 . Then pˆ∗ ◦JG/L0 = JG/L ◦ pˆ∗. Put ιG/L0 : (G/L0, JG/L0) −→ (PG , JP )
and ιG/L : (G/L, JG/L) −→ (ZG , JZ) such that ιG/L0 ◦ πG/L0 = πP and
ιG/L ◦ πG/L = πZ . Then ιG/L0∗ ◦ JG/L0 ◦ πG/L0∗ = πP∗ ◦ JG =
√−1 · ◦πP∗ =
JP ◦ ιG/L0∗ ◦ πG/L0∗, so that ιG/L0 is biholomorphic. By ιG/L ◦ pˆ ◦ πG/L0 =
pG ◦ ιG/L0 ◦ πG/L0 , one has that ιG/L is also biholomorphic. Put
G− := G−2 ⊕ G−1 ⊂ N := G− ⊕CHρ. (3)
Then G = G− ⊕ L = N ⊕ L0, so that there is an open neighbourhood N0
of 0 in N such that the mapping, φg,L0 : N0 −→ G/L0;X 7→ g expG(X)L0,
gives holomorphic local coordinates around gL0 ∈ G/L0 with the frame
ug : N −→ TgL0(G/L0);Y 7→ πG/L0∗gY R. (4)
Because of pˆ∗(ugHρ) = pˆ∗(πG/L0∗gH
R
ρ ) = πG/L∗gH
R
ρ = 0, one has that
pˆ−1∗ (0) = πG/L0∗(CH
R
ρ ). (5)
Put χL : L −→ C×; f 7→ BG(feρ,−e−ρ), which is a complex Lie group
epimorphism: In fact, because of B(eρ,−e−ρ) = 1, for z ∈ C one has that
χL(expG(zHρ)) = e
2z . (6)
Note that feρ = χL(f)eρ for f ∈ L, so that L0 = χ−1L (1). Hence, χ−1L :
C
× −→ L/L0 = πG/L0(L);λ 7→ χ−1L (λ) is a complex Lie group isomorphism
satisfying that χ−1L (χL(f)) = fL0 = πG/L0(f). Put
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Rλ : G/L0 −→ G/L0; gL0 7→ (gL0)χ−1L (λ) (7)
for λ ∈ C×, which is well-defined by L0f = fL0 for f ∈ L, and that the
action RL/L0 : G/L0 × C× −→ G/L0; (gL0, λ) 7→ Rλ(gL0) of C× on G/L0
is holomorphic, since the action RL : G×L −→ G; (g, f) 7→ gf of L on G is
holomorphic and πG/L0◦RL = RL/L0◦(πG/L0×χL). Note that pˆ◦Rλ = pˆ, and
that the action RL/L0 is simply transitive on each fiber pˆ
−1(gL). In fact, if
gL = g′L for some g′ ∈ G then g′ = gf for some f ∈ L, that is, RχL(f)gL0 =
g′L0, where f ∈ L0 iff gL0 = g′L0. Hence, G/L0 is a holomorphic principal
C
×-bundle on G/L with the right action Rλ(λ ∈ C×) and the canonical
projection pˆ : G/L0 −→ G/L. Let θG be a smooth C-valued 1-form on G
defined by θG(X
R|g) := BG(eρ,X) at g ∈ G for X ∈ G. Then θG(JGXR) =
θG((
√−1X)R) = BG(eρ,
√−1X) = √−1BG(eρ,X) =
√−1θG(XR), that
is, θG(T
′′G) = 0, so that θG is a smooth (1, 0)-form on (G, JG). For
X,Y ∈ G, dθG(XR, Y R) = XR(θG(Y R)) − Y R(θG(XR)) − θG([XR, Y R]) =
−θG([X,Y ]R) = −BG(eρ, [X,Y ]), since θG(ZR)|g = BG(eρ, Z) is a constant
function of g for Z = X,Y . Then dθG(JGX
R, Y R) = −BG(eρ, [
√−1X,Y ]) =
−√−1BG(eρ, [X,Y ]) =
√−1dθG(XR, Y R), that is, dθG(T ′′G,TG) = 0.
Similarly, dθG(TG, T
′′G) = 0. Hence, dθG is a smooth (2, 0)-form on (G, JG),
so that θG is a holomorphic (1, 0)-form on (G, JG). If f ∈ L, then
(R∗fθG)X
R = θG(Rf∗XR) = θG((f−1X)R) = BG(eρ, f−1X)
= BG(feρ,X) = BG(χL(f)eρ,X) = χL(f)θG(XR),
so that R∗fθG = χL(f)θG. In particular, R
∗
fθG = θG for f ∈ L0. Then
there is a holomorphic (1, 0)-form θˆ on G/L0 such that π
∗
G/L0
θˆ = θG, which
satisfies the following properties:
(P. 1)G θˆ(pˆ−1∗ (0)) = θˆ(πG/L0∗(CH
R
ρ )) = θG(CH
R
ρ ) = BG(eρ,CHρ) = 0;
(P. 2)G R∗λθˆ = λθˆ (λ ∈ C×), because of π∗G/L0(R∗χL(f)θˆ) = R∗f (π∗G/L0 θˆ) =
R∗fθG = χL(f)θG = π
∗
G/L0
(χL(f)θˆ) for f ∈ L; and
(P. 3)G {X ∈ T (G/L0)| dθˆ(X,Y ) = 0 for Y ∈ T (G/L0)} = {0}: In fact,
{X ∈ G| dθG(XR, Y R) = 0 if Y ∈ G} = {X ∈ G| BG([eρ,X],G) = 0} =
{X ∈ G| [eρ,X] = 0} = L0 (cf. [4, (5.6)]). Because of πG/L0∗XR = 0
(X ∈ L0), one has the result.
Hence, (G/L0, JG/L0 ;Rλ(λ ∈ C×), pˆ; θˆ) is a principal contact bundle of
degree 1 on (G/L, JG/L). Then (G/L, JG/L; γθˆ) given as Lemma 1.3 (iv)
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is a c-manifold with Eγ
θˆ
= pˆ∗(ker θˆ) = ∪g∈G{πG/L∗XR| X ∈ G−1}′ j
T ′(G/L) as the c-distribution such that g∗Eγ
θˆ
= Eγ
θˆ
for g ∈ G. Note
that (PG , JP ; pG) is a holomorphic principal C×-bundle on (ZG , JZ) with
the right action R˜λ := ιG/L0 ◦Rλ ◦ ι−1G/L0 . Then R˜λeρ = ιG/L0(L0χ
−1
L (λ)) =
ιG/L0(expG(
log λ
2 Hρ)L0) = λeρ, the scalar multiple by λ ∈ C× on G\0.
And a holomorphic (1, 0)-form θG is defined by ι∗G/L0θG = θˆ, so that
θG = π
∗
G/L0
θˆ = (ιG/L0 ◦ πG/L0)∗θG = π∗P θG, which gives a principal contact
bundle of degree 1 on (Z, JZ ), (PG , JP ; pG , R˜λ(λ ∈ C×); θG). Put γG := γθG ,
which is called the canonical c-structure on (ZG , JZ) with the c-distribution
EγG = pG∗(ker θG) = ∪g∈G{πZ∗XR| X ∈ G−1}′ j T ′Z.
(iii-1) If dimCZG = 1, then G−1 = 0 and G ∼= sl2C, so that ZG ∼=
Zsl2C
∼= P1C, the complex projective line.
(iii-2) If dimCZG ≧ 3, then rank(G) ≧ 2. In this case, (ZG , JZ) is called
a ka¨hlerian C-space of Boothby type after [16, Example 1.1], and γG is said
to be the canonical complex contact structure on (ZG , JZ).
Lemma 1.5. Let (P, J ;Rλ(λ ∈ C×), p; θ) be a principal contact bundle
of degree δ on a complex manifold (Z, JZ ). Put Pδ := P/Zδ as the quotient
space by the action of Zδ := {Rω| ω ∈ C×, ωδ = 1} with the canonical
projection µδ : P −→ Pδ. Then:
(i) Pδ uniquely admits a structure of complex manifold with the complex
structure tensor Jδ such that µδ : (P, J) −→ (Pδ , Jδ) is holomorphic;
(ii) Rλµδ(η) := µδ(Rλ1/δη) defines a holomorphic fixed-point free action
of C× on Pδ such that µδ ◦Rλ = Rλδ ◦ µδ;
(iii) (Pδ , Jδ;Rλ (λ ∈ C×)) is a holomorphic principal C×-bundle on
(Z, JZ ) with a holomorphic mapping pδ : (Pδ , Jδ) −→ (Z, JZ ) such that
pδ ◦ µδ = p as the projection.
(iv) There exists a (1, 0)-form θδ on (Pδ , Jδ) such that µ
∗
δθδ = θ. In this
case, (Pδ , Jδ;Rλ(λ ∈ C×), pδ ; θδ) is a principal contact bundle of degree 1
on (Z, JZ ) such that p
−1
δ∗ Eγθ = ker
′(θδ).
(v) (P2, J2;Rλ(λ ∈ C×), p2; θ2) = (C×2n+2;Rλ(λ ∈ C×), p; θ)
when (P, J ;Rλ(λ ∈ C×), p; θ) = (C×2n+2; R˜λ(λ ∈ C×), p˜; θ˜).
Proof. (i) In general, the fixed-point free action of every finite subgroup
of the structure group of any (holomorphic) principal fiber bundle is properly
discontinuous in the sense of [13, p.43], so that the quotient space by this
action uniquely admits a structure of (complex) manifold such that the
canonical projection is a (holomorphic) covering mapping [13, Propoition
12
I.4.3]. Since Zδ is a finite subgroup of C
×, the principal action of Zδ
is properly discontinuous, so that the quotient space Pδ uniquely admits
a structure of complex manifold such that µδ is a holomorphic covering
mapping.
(ii) For λ ∈ C×, η ∈ Pδ and i = 1, 2. take zi ∈ C× and ηi ∈ P such as
λ = zδi and η = µδ(ηi). There exists ω1, ω2 ∈ Zδ such that z2 = z1ω1 and
η2 = Rω2η1, so that µδ(Rz2η2) = µδ(Rω1(Rz1(Rω2η1))) = µδ(Rz1η1). Hence,
Rλ is well-defined such that µδ ◦ Rz = µδ ◦ R(zδ)1/δ = Rzδ ◦ µδ. Since µδ
is a holomorphic submersion, the holomorphy of the action of C× on Pδ:
C
× × Pδ −→ Pδ; (z, η) 7→ Rzη follows from the holomorphy of the action of
C
× on P : C× × P −→ P ; (z, η) 7→ Rzη.
(iii) In the step (ii), put pδ(η) := p(η1) = p(Rωη1) = p(η2), which well-
defines a mapping pδ : Pδ −→ Z; η 7→ pδ(η) such as pδ ◦µδ = p. Since µδ is a
holomorphic submersion, the holomorphy of pδ follows from the holomorphy
of p.
(iv) In the step (i), put θδ(Y ) := θ(X1) = ω
−δθ(Rω∗X1) = θ(X2), which
well-defines a (1, 0)-form θδ on (Pδ, Jδ) such that µ
∗
δθδ = θ. Since µδ is a
holomorphic submersion, the holomorphy of θδ follows from the holomorphy
of θ. For z ∈ C×, µ∗δ(R∗zδθδ) = R∗z(µ∗δθδ) = R∗zθ = zδ · θ = µ∗δ(zδ · θδ),
i.e. R∗λθδ = λ · θδ for λ = zδ. And ker′ θδ = µδ∗(ker′ θ) = µδ∗(p−1∗ Eγθ ) =
µδ∗((pδ ◦ µδ)−1∗ Eγθ ) = p−1δ∗ Eγθ .
(v) It follows from Example 1.4 (ii).
For i = 1, 2, let Pi = (Pi;Ri,λ(λ ∈ C×), pi; θi) be a principal contact
bundle on a complex manifold (Z, JZ). By definition, a mapping f : P1 −→
P2 is said to be a C
×-bundle isomorphism iff f is a biholomorphism such
that p2 ◦ f = p1 and R2,λ ◦ f = f ◦ R1,λ (λ ∈ C×). And f is said to
be an isomorphism iff f is a C×-bundle isomorphism such that f∗θ2 =
θ1. In this case, they have the same non-zero degree. And p2∗(ker′θ2) =
p2∗(f∗(ker′θ1)) = p1∗(ker′θ1), so that Eγθ2 = Eγθ1 (i.e. [γθ2 ] = [γθ1 ]) by
Lemma 1.3 (iii, iv). By definition, two principal contact bundles are said to
be isomorphic iff there exists an isomorphism between them. For a non-zero
integer δ, let Pδ(Z, JZ) be the set of the isomorphism classes [P, J ; θ] of all
principal contact bundles (P, J ; θ) of degree δ on (Z, JZ). Then the following
mapping is well-defined:
Cδ : Pδ(Z, JZ) −→ C(Z, JZ); [P, J ; θ] 7→ [γθ].
By virtue of Lemma 1.2, the following mapping is well-defined:
P1 : C(Z, JZ) −→ P1(Z, JZ); [γ] 7→ [Pγ , Jγ ; θγ ],
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since (Pγ , Jγ ; pγ , Rλ(λ ∈ C×); θγ) is determined by Eγ .
Theorem 1.6. (i) C1 ◦ P1 = idC(Z,JZ); (ii) P1 ◦ C1 = idP1(Z,JZ).
Proof. (i) Let (Z, JZ ; γ) be a c-manifold with γ = {γi : Vi → C}. Then
C1(P1([γ])) = C1([Pγ , Jγ ; θγ ]) = [γ(θγ )], which is equal to [γ]: In fact, for
any X ∈ TζVi, γi(X) =< γ˘i(ζ),̟γ(X) >Lγ= θγ(γ˘i∗ζX) = (γ˘∗i θγ)X, so that
Eγ |Vi = ker′γi = ker′(γ˘∗i θγ) = Eγ(θγ ) |Vi by Lemma 1.3 (iv).
(ii) Let (P, J ; p,Rλ(λ ∈ C×); θ) be a principal contact bundle of de-
gree 1 on a complex manifold (Z, JZ). Take a set {σi : Vi → P} of
holomorphic local sections of p such as Z = ∪iVi. According to Lemma
1.3, put γθ = {γi} with γi := σ∗i θ. Then P1(C1([P, J ; θ])) = P1([γθ]) =
[Pγθ , Jγθ ; θ(γθ)], which is equal to [P, J ; θ]: In fact, for any X ∈ TζVi,
γi(X) =< γ˘i(ζ),̟γθ (X) >Lγθ= θ(γθ)(γ˘i∗ζX) = (γ˘
∗
i θ(γθ))X, i.e. γi = γ˘
∗
i θ(γθ).
By Lemma 1.3 (ii), θ(γθ)|Rλγ˘i(ζ) = λ · p∗γθγi|ζ . Take gji : Vi ∩Vj −→ C× such
as σj(ζ) = Rgjiσi(ζ). Then γj |ζ = θ ◦ σj∗ζ = θ ◦ Rgji∗ ◦ σi∗ζ = gji · γi|ζ and
< γ˘j(ζ),̟γθ (X) >= γj(X) = gji(ζ) · γi(X) =< Rgji(ζ) · γ˘i(ζ),̟γθ (X) >,
so that γ˘j(ζ) = Rgji(ζ)γ˘i(ζ). Then µ1 : P −→ Pγθ ;Rλσi(ζ) 7→ Rλγ˘i(ζ) is
well-defined as a mapping such that pγθ ◦ µ1 = p, which is holomorphic
since the local trivializations are holomorphic. Because of µ1(RaRλσi(ζ)) =
RaRλγ˘i(ζ) = Ra(µ1(Rλσi(ζ))), µ1 ◦ Ra = Ra ◦ µ1 (a ∈ C×). By Lemma
1.3 (ii), µ∗1(θ(γθ)|Rλγ˘i(ζ)) = λ · (γi|ζ ◦ pγθ∗) ◦ µ1∗Rλσi(ζ) = λ · γi|ζ ◦ p∗Rλσi(ζ) =
θ|Rλσi(ζ). Hence, µ1 : (P, J ; θ) −→ (Pγθ , Jγθ ; θ(γθ)) is an isomorphism.
Corollary 1.7. (i) Let (P, J ;Rλ(λ ∈ C×), p; θ) be a principal con-
tact bundle of degree δ on a complex manifold (Z, JZ ). Then there exists
a holomorphic |δ|-covering map µ : P −→ Pγθ such that p = pγθ ◦ µ, θ =
µ∗θ(γθ), Rλδ ◦ µ = µ ◦Rλ (λ ∈ C×).
(ii) Let (P, J ;Rλ(λ ∈ C×), p; θ) be a symplectification of degree δ on
a c-manifold (Z, JZ ; γ). Then there exits a holomorphic |δ|-covering map
µ : P −→ Pγ such that p = pγ ◦ µ, θ = µ∗θγ , R˘λδ ◦ µ = µ ◦Rλ (λ ∈ C×).
Proof. (0) By Lemma 1.5, there exists a holomorphic |δ|-covering µδ :
P −→ Pδ such that Rλδ ◦ µδ = µδ ◦Rλ (λ ∈ C×), p = pδ ◦ µδ and θ = µ∗δθδ,
so that [γθ] = [γθδ ] = C1([Pδ , Jδ; θδ]).
(i) By Theorem 1.6 (ii), [Pδ, Jδ ; θδ] = P1(C1([Pδ , Jδ; θδ])) = P1([γθ])
= [Pγθ , Jγθ ; θγθ ]. Hence, there exists an isomorphism µ1 : (Pδ , Jδ; θδ) −→
(Pγθ , Jγθ ; θγθ ). Then pγθ ◦µ1◦µδ = pδ◦µδ = p, (µ1◦µδ)∗θ(γθ) = µ∗δ(µ∗1θ(γθ)) =
µ∗δθδ = θ and µ1 ◦ µδ ◦Rλ = µ1 ◦Rλδ ◦ µδ = R˘λδ ◦ µ1 ◦ µδ (λ ∈ C×), so that
the claim (i) follows by putting µ := µ1 ◦ µδ.
(ii) By (P. 0) and Lemma 1.3 (iv), [γ] = [γθ] = C1([Pδ, Jδ ; θδ]). By
Theorem 1.6 (ii), [Pδ, Jδ ; θδ] = P1(C1([Pδ, Jδ ; θδ])) = P1([γ]) = [Pγ , Jγ ; θγ ],
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which gives an isomorphism µ1 : (Pδ , Jδ ; θδ) −→ (Pγ , Jγ ; θγ). Then pγ ◦ µ1 ◦
µδ = pδ ◦ µδ = p, (µ1 ◦ µδ)∗θγ = µ∗δ(µ∗1θγ) = µ∗δθδ = θ and µ1 ◦ µδ ◦ Rλ =
µ1 ◦ Rλδ ◦ µδ = R˘λδ ◦ µ1 ◦ µδ (λ ∈ C×), so that the claim (ii) follows by
putting µ := µ1 ◦ µδ.
2. Hamiltonian vector fields on a principal contact bundle.
Let (P, J ;Rλ(λ ∈ C×), p; θ) be a principal contact bundle of degree
δ 6= 0 on a complex manifold (Z, JZ). For η ∈ P and X ∈ T ′ηP , put
X♮ := −ιXdθ ∈ T ∗′η P such that < X♮, Y >T ′ηP := −dθ(X,Y ) for Y ∈ T ′ηP .
By (P. 3), (dθ)♮η : T ′ηP −→ T ∗
′
η P ;X 7→ X♮, is a C-linear isomorphism, which
gives a holomorphic vector bundle isomorphism, (dθ)♮ : T ′P −→ T ∗′P . Then
the inverse, Ξ := ((dθ)♮)−1 : T ∗
′
P −→ T ′P ;ω 7→ Ξ(ω), is a holomorphic
vector bundle isomorphism such that ιΞ(ω)dθ = −ω. For f ∈ O(W,J), put
Xf := 2 Re(Ξ(df)) = Ξ(df) + Ξ(df), so that X
′
f = Ξ(df). Then Xf is a
holomorphic real vector field on (W,J) such that ιXfdθ = −df , which is
said to be the Hamiltonian vector field of f on W .
Let ℓ be an integer. And W an open subset of P . Put Oℓ(W,J) := {f ∈
O(W,J)| Ξ(θ)f = − ℓδf} and aℓ(W,J) := {Xf | f ∈ Oℓ(W,J)}. Because of
X√−1f = JXf for f ∈ O(W,J), one has that aℓ(W,J) is a C-linear subspace
of a(W,J). For w ∈ C and η ∈W , put
Bw|η := d
dt
∣∣∣∣
t=0
Rewt η = 2 Re(w
d
dz
∣∣∣∣
z=1
Rzη) ∈ TηW. (8)
Then p−1∗ (0) = {(a + bJ)B1| a, b ∈ R} ⊆ TP . By the locally trivializing
holomorphic coordinates ψi(ζ, λ) := Rλσi(ζ) of W given in Lemma 1.3 (i),
d
dz
∣∣
z=1
Rzψi(ζ, λ) =
d
dz
∣∣
z=1
ψi(ζ, zλ) = λ
∂
∂λ
∣∣
ψi(ζ,λ)
∈ T ′ψi(ζ,λ)P , so that
B′w|ψi(ζ,λ) =
(
d
dt
∣∣∣∣
t=0
Retwψi(ζ, λ)
)′
= w
d
dz
∣∣∣∣
z=1
Rzψi(ζ, λ) = wλ
∂
∂λ
∣∣∣∣
ψi(ζ,λ)
.
Lemma 2.1. (i) Ξ(θ) = −λδ ∂∂λ , so that Bw = −2wδRe(Ξ(θ)) and B′w =
−wδΞ(θ) for w ∈ C, and that p−1∗ (0) = Re(CΞ(θ)) and
Oℓ(W,J) = {f ∈ O(W,J)| Bwf = ℓwf (w ∈ C)}.
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In particular, Oℓ(P, J) = {f ∈ O(P, J)| R∗λf = λℓf (λ ∈ C×)}.
(ii) Rλ∗Ξ(θ) = Ξ(θ) for any λ ∈ C×.
(iii) θ(Ξ(df)) = θ(Xf ) =
m
δ f for all f ∈ Oℓ(W,J). When ℓ 6= 0, χℓ :
Oℓ(W,J) −→ aℓ(W,J); f 7→ χℓ(f) := Xf is a C-linear isomorphism such
that (χℓ)−1 = δℓ θ.
(iv) Assume that ω ∈ A1,0(W,J); f, g ∈ O(W,J); and Y ∈ X (W ). Then
LΞ(ω)dθ = −dω, LΞ(df)dθ = 0 and [Y,Ξ(ω)] = Ξ(LY ω + ιΞ(ω)(LY dθ)), so
that [Xf , Xg] = Xdθ(X′f , X′g).
(v) Oℓ(W,J) j {f ∈ O(W,J)| [Bw,Xf ]′ = w(ℓ − δ) ·X ′f (w ∈ C)} and
[aℓ(W,J), aℓ
′
(W,J)] j aℓ+ℓ
′−δ(W,J). In particular,
Oℓ(P, J) j {f ∈ O(P, J)| Rλ∗X ′f = λδ−ℓX ′f (λ ∈ C×)}.
Proof. (i) By Lemmas 1.3 (ii) and 1.2 (i), dθ(λ ∂∂λ , Y ) = δλ
δ(p∗(γi|ζ)Y ) =
δθ(Y ) = −δdθ(Ξ(θ), Y ) for Y ∈ Tψi(ζ,λ)(p−1Vi), so that the 1st equation
follows. The 2nd and the 3rd equations follow from the 1st one. The 4th
and the 5th equations follow from the 2nd one. For f ∈ Oℓ(P, J) and
w ∈ C, ddt
∣∣
t=0
f(Retwη) = Bwf |η = ℓwf(η), so that ddt(e−ℓwt · f(Rewtη)) ≡
e−wwt · dds
∣∣
s=0
{e−ℓws ·f(Rewtη)+f(Rews(Rewtη))} ≡ e−wwt ·{−ℓw·f(Rewtη)+
ℓw ·f(Rewtη)} ≡ 0, i.e. e−ℓwt ·f(Rewtη) ≡ f(η), that gives the last equation.
(ii) For any X ∈ TηP at each η ∈ P and λ ∈ C×, dθ(X,Rλ∗Ξ(θ)) =
λδdθ(R−1λ∗X,Ξ(θ)) = λ
δθ(R−1λ∗X) = θ(X) = dθ(X,Ξ(θ)), as required. It also
follows from B1 = −2δRe(Ξ(θ)).
(iii) If f ∈ Oℓ(W,J), then θ(Xf ) = −dθ(Ξ(θ),Xf ) = −df(Ξ(θ)) =
−Ξ(θ)f = ℓδf . By the definition, χℓ is a C-linear surjection. If ℓ 6= 0, then
δ
ℓ θ ◦ χℓ = idOℓ(W,J), so that χℓ is an injection.
(iv) LΞ(ω)dθ = d(ιΞ(ω)dθ) + ιΞ(ω)ddθ = −dω, so that LΞ(df)dθ = −ddf =
0. And ι[Y,Ξ(ω)]dθ = [LY , ιΞ(ω)]dθ = LY (ιΞ(ω)dθ)− ιΞ(ω)(LY dθ) = −(LY ω +
ιΞ(ω)(LY dθ)), so that [Y,Ξ(ω)] = Ξ(LY ω + ιΞ(ω)(LY dθ)). In particular,
[Xf ,Xg]
′ = [Ξ(df),Ξ(dg)] = Ξ(LΞ(df)dg + ιΞ(dg)(LΞ(df)dθ)) = Ξ(LΞ(df)dg) =
Ξ(d(ιΞ(df)dg)) = Ξ(d(−dθ(Ξ(dg),Ξ(df)))) = X ′−dθ(X′g ,X′f ) = X
′
dθ(X′f ,X
′
g)
.
(v) By (iv), LB′wdθ = −wδLΞ(θ)dθ = wδdθ, so that ιΞ(df)(LB′wdθ) =
ιΞ(df)(wδdθ) = −wδdf . If f ∈ Oℓ(W,J), then [Bw,Xf ]′ = [B′w,Ξ(df)] =
Ξ(LB′wdf + ιΞ(df)(LB′wdθ)) = Ξ(d(B
′
wf) − wδdf) = Ξ(w(ℓ − δ)df) = w(ℓ −
δ)X ′f , that gives the 1st claim. If g ∈ Oℓ
′
(W,J), then B′wdθ(X
′
f ,X
′
g) =
(LB′wdθ)(X
′
f ,X
′
g) + dθ([B
′
w,X
′
f ],X
′
g) + dθ(X
′
f , [B
′
w,X
′
g]) = wδdθ(X
′
f ,X
′
g) +
dθ(X ′w(ℓ−δ)f ,X
′
g) + dθ(X
′
f ,X
′
w(ℓ′−δ)g) = w(ℓ + ℓ
′ − δ)dθ(X ′f ,X ′g), so that
[Xf ,Xg] = Xdθ(X′f ,X′g) ∈ aℓ+ℓ
′−δ(W,J) by (iv) and (i), that is the 2nd
claim. If f ∈ Oℓ(P, J), then ddt
∣∣
t=0
Rewt∗(X ′f |Re−wtη) = −[Bw,Xf ]′|η =
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−w(ℓ − δ)X ′f |η , so that e(ℓ−δ)wt · Rewt∗(X ′f |Re−wtη) ≡ X ′f |η, that gives the
last claim. Another proof of the last claim when ℓ 6= 0: If λ ∈ C×, then
θ(Rλ∗Xf )|η = λδθ(Xf )|R−1λ η = λ
δ ℓ
δf |R−1λ η = λ
δ−ℓ ℓ
δf |η = λδ−ℓθ(Xf )|η by
(iii), so that δℓχ
ℓ(θ(Rλ∗Xf )) = δℓχ
ℓ(λδ−ℓθ(Xf )), i.e. Rλ∗X ′f = λ
δ−ℓX ′f .
By Lemma 2.1 (i), each f ∈ Oℓ(W,J) is said to be a homogeneous
holomorphic function of degree ℓ on W , and that Ξ(θ) is said to be the
Euler operator of (P, J ;Rλ(λ ∈ C×), p; θ). Put
a(P, J ; dθ,R
C
×) := {X ∈ a(P, J ; dθ)| dRλX = X (λ ∈ C×)},
a(W,J ; θ) := {X ∈ a(W,J)| LXθ = 0},
a(W,J ; dθ) := {X ∈ a(W,J)| LX(dθ) = 0},
a(W,J ; dθ,Ξ(θ)) := {X ∈ a(W,J ; dθ)| [Ξ(θ),X] = 0}.
Lemma 2.2. (i) For X ∈ a(W,J ; θ), θ(X) = 0 ∈ O(W,J) iff X = 0.
(ii) aδ(W,J) = a(W,J ; θ) = a(W,J ; dθ,Ξ(θ)).
(iii) aδ(P, J) = a(P, J ; θ) = a(P, J ; dθ,R
C
×).
Proof. (i) If X = 0, then θ(X) = 0 since θ is a linear form. For
X ∈ a(W,J ; θ), 0 = LXθ = d(θ(X)) + ιXdθ. If θ(X) = 0 ∈ O(W,J), then
ιXdθ = 0, so that X = 0 because of the condition (P. 3).
(ii-1) If f ∈ Oδ(W,J), LXf θ = d(θ(Xf )) + ιXfdθ = d( δδf) + ιXfdθ = 0,
by Lemma 2.1 (iii) with ℓ = δ, so that aδ(W,J) j a(W,J ; θ).
(ii-2) For Y ∈ a(W,J ; θ), put f := θ(Y ) ∈ O(W,J). For z ∈ C,
θ(Bz) = 0 by the condition (P. 1). Then LBzθ = d(θ(Bz)) + ιBzdθ =
zδ · θ, [Bz, Y ] = zδΞ(LY θ + ιΞ(θ)dLY θ) = 0, so that Bzf = (LBzθ)(Y ) +
θ([Bz, Y ]) = (zδθ)(Y ) = zδf . Hence, f ∈ Oδ(W,J) and Xf ∈ aδ(W,J) j
a(W,J ; θ). By Lemma 2.1 (iii), θ(Y −Xf ) = f − δδf = 0 so that Y −Xf = 0
by the claim (i). Hence, a(W,J ; θ) j aδ(W,J).
(ii-3) For X ∈ a(W,J ; dθ), Ξ(LXθ) = [X,Ξ(θ)]. Hence, [X,Ξ(θ)] = 0 iff
LXθ = 0, that is, a(W,J ; dθ,Ξ(θ)) = a(W,J ; θ).
(iii) For z ∈ C and X ∈ a(W,J), [Bz,X] = 2Re(−zδ[Ξ(θ),X]). Hence,
a(W,J ; dθ,Ξ(θ)) = {X ∈ a(W,J ; dθ)| [Bz,X] = 0 (z ∈ C)},
so that a(P, J ; dθ,Ξ(θ)) = a(P, J ; dθ,R
C
×).
Let (Z, JZ ; γ) be a c-manifold with the contact line bundle Lγ and the
standard symplectification (Pγ , Jγ ; R˘λ(λ ∈ C×), pγ ; θγ) defined in Example
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1.4 (i). For g ∈ Aut(Z, JZ ; γ) and η ∈ Pγ , < η,̟γ(g−1∗ X) >Lγ∈ C does
not depend on the choice of X, because of g∗Eγ = Eγ . Hence, gP (η) ∈
P ∗γ |pγ(η) is well-defined by < gP (η),̟γ(X) >Lγ :=< η,̟γ(g−1∗ X) >Lγ for
all X ∈ T ′pγ(η)Z. For λ ∈ C× and g1, g2 ∈ Aut(Z, JZ ; γ), pγ ◦ gP = g ◦ pγ ,
R˘λ ◦ gP = gP ◦ R˘λ and (g1 ◦ g2)P = g1P ◦ g2P . By the definition of θγ ,
θγ(gP∗Y ) = < π(gP∗Y ),̟γ(pγ∗gP∗Y ) >Lγ=< g(πY ),̟γ(g∗pγ∗Y ) >Lγ
= < π(Y ),̟γ(g
−1
∗ g∗(pγ∗Y )) >Lγ= θγ(Y )
for Y ∈ T ′Pγ . so that gP ∈ {f ∈ Aut(Pγ , Jγ)| f∗θγ = θγ , Rλ◦f = f ◦Rλ(λ ∈
C
×)} =: Aut(Pγ , Jγ ; θγ , RC×), which is said to be the prolongation of g (cf.
[4, (3.1)], [16]). Then Pro : Aut(Z, JZ ; γ) −→ Aut(Pγ , Jγ ; θγ , RC×) : g 7→
gP , is well-defined as a group homomorphism such that pγ is equivariant.
For any X ∈ a(Z, JZ ; γ), let expZtX be a locally defined one parameter
group determined by X as: ddt
∣∣
t=0
(expZtX)ζ = X|ζ . Let (expZtX)P be the
prolongation defined on p−1γ (U) for an open subset U around each point of
Z, which gives XP |η := ddt
∣∣
t=0
(expZtX)P η ∈ TηPγ at each η ∈ Pγ . Then
XP ∈ a(Pγ , Jγ ; θγ) = a1(Pγ , Jγ) (Lemma 2.2 (ii)) such that (dpγ)XP = X,
so that pro : a(Z, JZ ; γ) −→ a1(Pγ , Jγ);X 7→ XP is a complex Lie algebra
homomorphism such that dpγ ◦ pro = ida(Z,JZ ;γ), which is said to be the
infinitesimal prolongation isomorphism because of the following result (cf.
[12, Theorem I.7.1], [18, p.74, Theorem 2.4’], [16, Theorem 1.6, Corollary]):
Theorem 2.3. Let (P, J ;Rλ(λ ∈ C×), p; θ) be a symplectification of
degree δ on a c-manifold (Z, JZ ; γ) with the contact line bundle Lγ. Then
the following is a commutative diagram of C-linear isomorphisms:
dpγ dµ
a(Z, JZ ; γ) ⇆ a
1(Pγ , Jγ) ←− aδ(P, J)
pro
̟γ ↓ θγ ↓↑ χ1 θ ↓↑ χδ
ΣLγ
Γ(Lγ) ⇆ O1(Pγ , Jγ) −→ Oδ(P, J)
ιLγ µ
∗
where µ : P −→ Pγ is the one given in Corollary 1.7 (ii).
Proof. By Lemma 2.1 (iii), χδ = θ−1 and χ1 = θ−1γ . By Corollary 1.7
(ii), µ ◦ R˘λ = Rλδ ◦ µ (λ ∈ C×), so that µ∗ : O1(Pγ , Jγ) −→ Oδ(P, J); f 7→
f ◦ µ, is well-defined as a C-linear isomorphism. And dθγ(µ∗ηXf , µ∗ηY ) =
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dθ(Xf , Y )|η = df(Y ) = d(µ∗f)(µ∗ηY ), so that µ∗ηXf = Xµ∗f |µ(η). Hence,
dµ : aδ(P, J) −→ a1(Pγ , Jγ);Xf 7→ dµ(Xf ) = Xµ∗f , is well-defined as a C-
linear mapping. For X ∈ aδ(P, J), θ(X|η) = θδ(µ∗(X|η)) = θδ(dµ(X)|µ(η)),
so that θ = µ∗ ◦ θδ ◦ dµ. Hence, dµ = θ−1δ ◦ (µ∗)−1 ◦ θ, is a C-linear isomor-
phism, so that the right hand of the diagram gives a commutative diagram
of C-linear isomorphisms. By Lemma 2.2 (iii), Y := dpγ(X) ∈ a(Z, JZ )
is well-defined for X ∈ aδ(P, J). And exp(tY )∗Eγ = p∗(exp(tX)∗ker′ θ) =
p∗(ker′ exp(tX)∗θ) = p∗(ker′ θ) = Eγ , so that Y ∈ a(Z, JZ ; γ). Hence,
dpγ : a
δ(P, J) −→ a(Z, JZ ; γ);X 7→ dpγ(X), is well-defined as a C-linear
surjection since dpγ ◦ pro = ida(Z,JZ ;γ) is surjective. By the definition of
θγ , θγ = ιLγ ◦ ̟γ ◦ dpγ , which completes the commutativity of the dia-
gram. Since θγ is bijective, dpγ is injective, so that dpγ is bijective and that
pro = (dpγ)
−1. By Lemma 0.1, ΣLγ = (ιLγ )−1. Then ̟γ = ΣLγ ◦ θ ◦ pro is
a C-linear isomorphism.
In general, put V |ξ := {X|ξ | X ∈ V } for any subset V of real vector
fields on a manifold M and a point ξ ∈ M as a subset of the real tangent
space TξM at ξ ∈ M . By definition, a c-manifold (Z, JZ ; γ) is said to be
homogeneous iff there exists ζ ∈ Z such that Aut(Z, JZ ; γ) · ζ = Z. And
(Z, JZ ; γ) is said to be infinitesimally homogeneous iff TζZ = a(Z, JZ ; γ)|ζ at
all ζ ∈ Z. By definition, (Z, JZ ; γ) is said to be infinitesimally Hamiltonian
homogeneous iff TηP = a
δ(P, J)|η at all η ∈ P for some symplectification
(P, J ; θ) of degree δ on (Z, JZ ; γ). In this case, (Z, JZ ; γ) is infinitesimally
homogeneous by Theorem 2.3.
Proposition 2.4. (i) Aut(Z, JZ ; γ) of a connected compact c-manifold
(Z, JZ ; γ) is a finitely dimensional complex Lie group acting holomorphically
on (Z, JZ ) with the Lie algebra a(Z, JZ ; γ).
(ii) Let (Z, JZ ; γ) be an infinitesimally homogeneous connected compact
c-manifold. Then it is homogeneous. If Z is simply connected, then there
exists a conected complex semisimple Lie subgroup GZ of Aut(Z, JZ ; γ) such
that Z is one orbit of GZ .
Proof. (i) By S. Bochner & D. Montgomery [12, Theorem III.1.1],
Aut(Z, JZ ) is a complex Lie transformation group with the Lie algebra
a(Z, JZ ). And Aut(Z, JZ ; γ) is a closed subgroup of Aut(Z, JZ) with the
Lie algebra a(Z, JZ ; γ). Let Γlocal(Eγ) be the set of all holomorphic lo-
cal sections of Eγ on Z. Then X ∈ a(Z, JZ ; γ) iff X ∈ a(Z, JZ) and
[X,Y ] ∈ Γlocal(Eγ) for any Y ∈ Γlocal(Eγ) stabilizing Eγ . In this case,
[JZX,Y ] = JZ [X,Y ] ∈ Eγ . Hence, a(Z, JZ ; γ) is a complex Lie subalge-
bra of (a(Z, JZ ), JZ), so that Aut(Z, JZ ; γ) is a complex Lie subgroup of
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Aut(Z, JZ ) with the Lie algebra a(Z, JZ ; γ).
(ii) For ζ ∈ Z, put ζ˜ : Aut(Z, JZ ; γ) −→ Z; f 7→ f(ζ), which is a smooth
mapping such that ζ˜∗(TfAut(Z, JZ ; γ)) = a(Z, JZ ; γ)|f(ζ) by (i). Because of
a(Z, JZ ; γ)|f(ζ) = Tf(ζ)Z for all ζ ∈ Z, ζ˜(Aut(Z, JZ ; γ)) is open in Z. Note
that Z = ∪ζ∈Z ζ˜(Aut(Z, JZ ; γ)) with ζ˜(Aut(Z, JZ ; γ))∩ζ˜ ′(Aut(Z, JZ ; γ)) = ∅
or ζ˜(Aut(Z, JZ ; γ)). Since Z is connected, ζ˜(Aut(Z, JZ ; γ)) = Z. If Z is
simply connected, by H.C. Wang [21, (2.3)], the connected simply connected
compact complex coset space Z is one orbit of a maximal connected complex
semisimple Lie subgroup GZ of Aut(Z, JZ ; γ).
For a non-zero integer ℓ and a finite subset {f0, · · · , fN} of Oℓ(P, J), the
associated map, the associated projective map and the associated Hamilto-
nian vector bundle are defined as F := (f0, · · · , fN ) : P −→ CN+1. [F ] :=
[f0 : · · · : fN ] : Z −→ PNC and V (f0, · · · , fN ) := {
∑N
j=0 cjXfj | cj ∈ C},
where [F ] is well-defined as a mapping iff F (P ) j CN+1\0.
Lemma 2.5. Let (P, J ;Rλ(λ ∈ C×), p; θ) be a symplectification of degree
δ on a c-manifold (Z, JZ ; γ). And ℓ,m be integers with ℓ 6= 0, m > 0. Then:
(i) For a fixed η ∈ P and a finite subset {f0, · · · , fN} of Oℓ(P, J),
V (f0, · · · , fN )|η = TηP iff F∗η : TηP −→ TF (η)CN+1 is injective iff [F ]
is well-defined around p(η) and that [F ]∗p(η) is injective.
(ii) Lγ is immersionally ample of order m (or ample of degree m) iff there
exists a finite subset {f0, · · · , fN} of Om(Pγ , Jγ) such that the associated
projective map [F ] : Z −→ PNC is well-defined as an immersion (resp. an
embedding). In these cases, V (f0, · · · , fN )|η = TηPγ at all η ∈ Pγ.
(iii) Lγ is immersional (or very ample) iff there exists a finite subset
{f0, · · · , fN} of Oδ(P, J) such that the associated projective map [F ] : Z −→
PNC is well-defined as an immersion (resp. embedding). In these cases,
(pγ∗V (f0, · · · , fN ))|ζ = TζZ at all ζ ∈ Z.
Proof. (i) Put ζj : CN+1 −→ C; (z0, · · · , zN ) 7→ zj for j ∈ {0, 1, · · · , N},
so that WF (η) := {dF (η)ζj| j ∈ {0, · · · , N}} spans T ∗′F (η)CN+1. Then F∗η is
injective iff the dual map F ∗η : T ∗
′
η CN+1 −→ T ∗
′
η P is surjective iff F
∗
ηWF (η) =
{dηfj = F ∗η dζ| j ∈ {0, · · · , N}} spans T ∗
′
η P iff {Ξ(dfj)|η | j ∈ {0, · · · , N}}
spans T ′ηP iff V (f0, · · · , fN )|η = TηP . In this case, F (η) 6= 0 because of
F∗ηB1 = ℓB˜1|F (η) = 0 iff F (η) = 0 for 0 6= B1 and B˜1|F (η) = ddt
∣∣
t=0
R˜etF (η).
If [F ]∗(p∗ηX) = 0 then p˜∗(F∗ηX) = 0 and that F∗ηX = Bz|F (η) for some
z ∈ C so that X = 1ℓBz|η and p∗X = 0, i.e. [F ]∗p(η) is injective. Conversely,
assume that F 6= 0 on an open neighbourhood of η and that [F ]∗p(η) is
injective. Take X ∈ TηP\0. If p∗X 6= 0 then p˜∗(F∗X) = [F ]∗(p∗X) 6= 0
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and F∗X 6= 0. If p∗X = 0 then X = Bz|η for some z ∈ C× and F∗X =
ℓB˜z|F (η) 6= 0. Hence, F∗η is injective.
(ii) The last claim follows from (i). Lγ is immersionally ample (or ample)
of order m iff there exists a finite subset {ϕ0, · · · , ϕN} of Γ(L⊗mγ ) such that
[Φ] : Z −→ PNC of Φ := (ιL⊗γ (ϕ0), · · · , ιL⊗γ (ϕN )) : PL⊗mγ −→ CN+1 is well-
defined as an immersion (resp. embedding). In this case, put F := Φ ◦ νm :
Pγ −→ C×N+1. Then [F ] = [Φ], which is well-defined as an immersion (resp.
embedding). Put (f0, · · · , fN ) := F , so that fj = ιmLγ (ϕj) ∈ Om(Pγ , Jγ)
(j ∈ {0, 1, · · · , N}) by Lemma 0.1, as required. Coversely, assume that [f0 :
· · · : fN ] : Z −→ PNC is well-defined as an immersion (resp. embedding)
for some fj ∈ Om(Pγ , Jγ). Then fj = ιmLγ (ϕj) = ιL⊗mγ (ϕj) ◦ νm for some
ϕj := Σ
m
Lγ
(fj) ∈ Γ(L⊗mγ ) by Lemma 0.1, so that [ιL⊗mγ (ϕ0), · · · , ιL⊗mγ (ϕN )] =
[f0 : · · · : fN ] : Z −→ PNC, which is well-defined as an immersion (resp.
embedding), as required.
(iii) As the case of m = 1 for (ii), Lγ is immersional (or very ample) iff
[g0 : · · · : gN ] : Z −→ PNC is an immersion (resp. embedding) for some
finite subset {g0, · · · , gN} of O1(Pγ , Jγ). In this case, taking µ : P −→ Pγ
given in Corollary 1.7 (ii), put fj := µ
∗gj ∈ Oδ(P, J), so that [f0, · · · , fN ] =
[g0, · · · , gN ] : Z −→ PNC, which is an immersion (resp. embedding). Co-
versely, assume that [f0 : · · · : fN ] : Z −→ PNC is an immersion (resp.
embedding) for some fj ∈ Oδ(Pγ , Jγ). Then (f0, · · · , fN ) = (g0, · · · , gN ) ◦ µ
for some gj ∈ O1(Pγ , Jγ), so that [g0, · · · , gN ] = [f0, · · · , fN ] : Z −→ PNC is
an immersion (resp. embedding). Hence, the first claim is proved. And the
last claim follows from the last claim of (ii) and Theorem 2.3.
Proposition 2.6. For the adjoint variety ZG of a complex simple Lie
algebra G with the canonical c-structure γG, the contact line bundle LγG is
very ample, so that ZG is simply connected.
Proof. By Example 1.4 (iii), PG in G is a symplectifications of degree δ =
1 on (Z, JZ ; γG) as well as the standard symplectification PγG . By Corollary
1.7 (ii), there exists an isomorphism µ : PG −→ PγG . Let X0, · · · ,XN be aC-
linear basis of G, and ω0, · · · , ωN the dual basis of G∗, so that (ω0, · · · , ωN ) :
G −→ CN+1 is a C-linear isomorphism. For i ∈ {0, · · · , N}, put fi := ωi ◦
µ−1 : PγG −→ C. By Example 1.4 (iii), R˘∗λfi = µ∗(R˜∗λωi) = µ∗(λ ·ωi) = λ ·fi
for λ ∈ C×. By Theorem 2.3 (or Lemma 0.1), there exists ϕi ∈ Γ(LγG ) such
that fi = ιLγ (ϕi), so that (ιLγ (ϕ0), · · · , ιLγ (ϕN )) = (f0, · · · , fN ) : PγG −→
CN+1 is an embedding. Hence, LγG is very ample, especially it is positive.
By Proposition 1.1 (ii), the first Chern class of (Z, JZ) is positive, so that
Z is simply connected by a theorem of S. Kobayashi [3, 11.26]
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Proof of Proposition 0.2. (0) Assume that (Z, JZ ; γ) is a connected
compact c-manifold with immersional contact line bundle Lγ . By Lemma 2.5
(iii), (Z, JZ ; γ) is infinitesimally homogeneous. Since Lγ is immersional, it is
positive, so that the first Chern class of (Z, JZ) is positive by S. Kobayashi
(Proposition 1.1 (ii)). Then Z is simply connected by S. Kobayashi [3,
11.26]. By H.C. Wang (Proposition 2.4 (ii)), (Z, JZ ; γ) is homogeneous such
that Z is one orbit of some connected complex semisimple Lie subgroup GZ
of Aut(Z, JZ ; γ). By an argument of W.M. Boothby [4, (2.2), Theorem A],
if Pγ is not one orbit of GP , then Pγ admits a global holomorphic section,
so that c1(Lγ) = 0, which contradicts with Lγ is positive. Hence, Pγ is one
orbit of GP := {gP | g ∈ GZ}, so that TηPγ = {X|η | X ∈ GP } at each η ∈ Pγ .
(1) Let GZ be the complex Lie subalgebra of (a(Z, JZ ; γ), JZ ) correspond-
ing to GZ . Put GP := {XP | X ∈ GZ} j a1(Pγ , Jγ), which is isomorphic to
GZ = dpγ(GP ) by dpγ (Theorem 2.3). Let G∗P be the dual C-linear space
of GP with < ω,X >∈ C as the value of ω ∈ G∗P on X ∈ GP . Accord-
ing to A.A. Kirillov [10, p.234, (11); p.301], B. Kostant [14, (5.4.2)] and
J.-M. Souriau [20, (11.10)] with Lemma 2.1 (iii), a moment map of degree
one is defined as follows:
µGP : Pγ −→ G∗P ; η 7→ µG(η);< µGP (η),X >:= θγ(X|η),
where µGP ◦R˘λ = λµGP (λ ∈ C×) by θγ(X|R˘λη) = θγ(R˘λ∗(X|η)) = λθγ(X|η)
(X ∈ GP j a1(Pγ , Jγ)). For g ∈ GP , put δg : G∗P −→ G∗P ;ω 7→ (δg)ω
such that < (δg)ω,X >:=< ω, (dg−1)X >, which defines the coadjoint
action. Note that µGP (gη) = (δg)µGP (η) (η ∈ Pγ , g ∈ GP ) by θ(X|gη) =
θ(g−1∗ (X|gη)) = θ(((dg−1)X)|η), so that the image µGP (Pγ) is one coadjoint
orbit of GP . Take a C-linear basis {Xi| i = 1, · · · , r} of GP with the dual
basis {ωi| i = 1, · · · , r} of G∗P . For i ∈ {1, · · · , r}, put fi := θγ(Xi) ∈
O1(Pγ , Jγ), so that µGP (η) =
∑r
i=1 fi(η)ωi. By Theorem 2.3, Xi = Xfi
and dfi = −ιXidθγ . If µGP ∗(X) = 0, then 0 = dfi(X) = dθγ(Xi,X) for all
i ∈ {1, · · · , r}. Note that dθγ is non-degenerate and that Xi’s span TPγ by
the step (0), so that X = 0. Hence, µGP is an immersion. For X ∈ GP ,
put X♭ ∈ G∗P such that < X♭, Y >= B(X,Y ) for Y ∈ GP w.r.t. the Killing
form B of GP , which is non-degenerate since GP is semisimple in the step
(0). Then ♭ : GP −→ G∗P ;X 7→ X♭ is a C-linear isomorphism such that
(δg) ◦ ♭ = ♭ ◦ (dg) (g ∈ GP ), because of < (δg)X♭, Y >=< X♭, (dg−1)Y >=
B(X, (dg−1)Y ) = B((dg)X,Y ) =< ((dg)X)♭, Y > for all Y ∈ GP . Put
κ := ♭−1 ◦µGP : Pγ −→ GP . Then κ◦g = ♭−1 ◦µGP ◦(δg) = ♭−1 ◦(δg)◦µGP =
(dg) ◦ ♭−1 ◦ µGP = (dg) ◦ κ for all g ∈ GP . Hence, κ is a holomorphic
immersion onto one adjoint orbit of GP by the inner automorphism group
G˘ := {dg| g ∈ GP } on the complex semisimple Lie algebra GP .
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Put κZ : Z −→ CP (GP ); pγ(η) 7→ pGP (κ(η)), which is well-defined as a
holomorphic immersion onto one adjoint ray orbit κZ(Z) of G˘ on CP (GP ).
Then the restriction to the image, κZ |(Z, JZ ) −→ κZ(Z) is a covering map.
Since Z is compact, the image κZ(Z) is a closed complex submanifold of
CP (GP ), which is a projective algebraic variety by a theorem of W.L. Chow
(cf. [6, p.217, p.36]).
(2) GP is simple (cf. [4, (6.3)]): Let GP = ⊕ki=1GP,i be the direct-sum
decomposition into simple ideals GP,i with the correspoding Lie subgroups
G˘i of G˘, where gi ∈ Gi acts as gi(
∑
jXj) = giXi +
∑
j 6=iXj for Xj ∈ GP,j.
Then G˘ = Πki=1G˘i. Take some η ∈ Pγ . Then κ(η) 6= 0 since κ is a C×-
equivariant immersion. And there exist κi(η) ∈ GP,i (i = 1, · · · , k) such
that κ(η) =
∑k
i=1 κi(η). Take j such that κj(η) 6= 0. Suppose that there
is another j′ such that κj′(η) 6= 0. Then η˘ :=
∑
i 6=j′ κi(η) 6= 0. And
η˘ 6∈ G˘κ(η) = κ(Pγ), since the GP,j′-component of η˘ is zero. On the other
hand, for any λ ∈ C×, λκ(η) = κ(R˘λη) ∈ PGP = Gκ(η), so that there exists
G˘ ∋ g(λ) =: (g1(λ), · · · , gk(λ)) such that λκ(η) = g(λ)κ(η), i.e. λκi(η) =
gi(λ)κi(η) (i = 1, · · · , k). With respect to the Euclidian metric topology of
GP , GP \0 ∋ η˘ =
∑
i 6=j′ κi(η) + limλ→0 λκj′(η) = limλ→0 gj′(λ)κ(η), where
gj′(λ)κ(η) ∈ G˘j′κ(η) j G˘κ(η) = κ(Pγ). With the canonical projection
pGP : GP \0 −→ CP (GP ), ζ˘ := pGP (η˘) = limλ→0 pGP (gj′(λ)κ(η)) is contained
in the closure of κZ(Z) inCP (GP ), so that ζ˘ ∈ κZ(Z) since κZ(Z) is closed in
CP (GP ). Hence, pGP (η˘) ∈ pGP (κ(Pγ)), so that η˘ ∈ κ(Pγ), which contradicts
with the first observation. Then κ(η) = κj(η) and κ(Pγ) = G˘κ(η) = G˘κj(η),
so that G˘i (i 6= j) acts trivially on κ(Pγ). Hence, GP = GP,j, which is a
complex simple Lie algebra.
(3) (Z, JZ ) is biholomorphic to ZGP (cf. [4, Theorem B]): Take a Cartan
subalgebra H of GP and the set △+ of all positive roots with respect to
some lexicographic ordering on H∗
R
. Then B := H⊕(⊕α∈△+Ceα) is a Borel
subalgebra of GP such that B˘ := {α ∈ Aut(GP )| αB = B} is an algebraic
subgroup of a complex algebraic group Aut(GP ) with the Lie algebra B,
so that the identity connected component B˘◦ of B˘ in the real topology is
solvable. Note that B˘◦ equals the identity irreducible component of B˘ in
the Zariski topology [17, Chapter 3, §3, 1◦]. By a theorem of A. Borel
[17, p.117, Theorem 9], B˘◦ admits a fixed point on the projective algebraic
variety κZ(Z), so that there exists ζ˘ ∈ κZ(Z) such that B˘◦ζ˘ = ζ˘. Take
η ∈ Pγ such that ζ˘ = pGP (κ(η)), where κ(η) = h +
∑
α∈△ cαeα for some
h ∈ H, cα ∈ C. Then [B, κ(η)] j Cκ(η), so that h = 0 and cα = 0 for any
α ∈ △\{ρ} with the highest root ρ. Hence, κ(η) = cρeρ with cρ 6= 0 because
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of Pγ 6= ∅. Put η′ := R˘c−1ρ η ∈ Pγ . Then eρ = c−1ρ κ(η) = κ(η′) ∈ κ(Pγ),
so that κ(Pγ) = G˘eρ = PGP and κZ(Z) = ZGP , where the notations PGP
and ZGP are given in Example 1.4 (iii). Since ZGP is simply connected
(Propostion 2.6), the covering map κZ |(Z, JZ) −→ ZGP is biholomorphic.
(4) For X ∈ GP , put XR|dg := ddt
∣∣
t=0
(dg)◦et ad(X) ∈ TdgG˘ with g ∈ GP .
Then θγ(X|η′) =< µGP (η′),X >= B(♭−1(µGP (η′)),X) = B(κ(η′),X) =
B(eρ,X) = θG˘(X
R) at the point η′ in the step (3). By Example 1.4 (iii-0),
θG˘(X
R) = θGP (πP∗1X
R) = θGP (
d
dt
∣∣
t=0
et ad(X)eρ) = θGP (κ∗(X|η′ )). Hence,
θγ(X|η′ ) = θGP (κ∗(X|η′ )). Because of {X|η′ | X ∈ GP } = Tη′Pγ , θγ |η′ =
(κ∗θGP )|η′ . For any g ∈ GP , θγ |gη′ = θγ |η′ ◦ g−1∗gη′ = (κ∗θGP )|η′ ◦ g−1∗gη′ =
θGP |κ(η′) ◦ κ∗η′ ◦ g−1∗gη′ = θGP |κ(η′) ◦ (dg)−1∗κ(gη′) ◦ κ∗gη′ = θGP |κ(gη′) ◦ κ∗gη′ =
κ∗θGP |gη′ , so that κ∗(ker θγ) = ker θGP . Then κZ∗Eγ = κZ∗(pγ∗(ker θγ)) =
pGP ∗(κ∗(ker θγ)) = pGP ∗(ker θGP ) = EγGP , i.e. κZ |(Z, J ; γ) −→ (ZGP ; γGP ) is
isomorphic, so that Lγ and LγGP are isomorphic. Since LγGP is very ample
(Proposition 2.6), so is Lγ .
Acknowledgement. The author is indebted to Masataka Tomari, Claude
LeBrun, the late Masaru Takeuchi, Yasuyuki Nagatomo, Ryoichi Kobayashi,
an anonymous referee of JMSJ, Jaroslaw Buczynski and Bogdan Alexandrov,
who very kindly pointed out some crucial mistakes in the previous versions.
The author is grateful to Shigeru Mukai, Tomonori Noda and Hajime Kaji
for their advice in differential or algebraic geometry on the previous versions.
References
[1] V.I. Arnold, Mathematical Methods in Classical Mechanics, Nauka,
1974 (in Russian); Springer-Verlag, 1978.
[2] A. Beauville, Fano contact manifolds and nilpotent orbits, Com-
ment. Math. Helv. 73 (1998), 566–583.
[3] A.L. Besse, Einstein Manifolds, Springer-Verlag, 1987.
[4] W.M. Boothby, Homogeneous complex contact manifolds, Proc.
Symp. Pure Math. 3 (1961) (Differential Geometry), AMS, 144–154.
[5] W.M. Boothby, A note on homogeneous complex contact manifolds,
Proc. Amer. Math. Soc. 13 (1962), 276–280.
[6] K. Fritzsche & H. Grauert, From Holomorphic Functions to
Complex Manifolds, GTM 213, Springer-Verlag, 2002.
24
[7] M. Goto & F.D. Grosshans, Semisimple Lie Algebras, Marcel
Dekker, Inc., 1978.
[8] H. Kaji, M. Ohno & O. Yasukura, Adjoint varieties and their
secant varieties, Indag. Math. 10 (1999), 45–57.
[9] H. Kaji & O. Yasukura, Projective geometry of Freudenthal’s va-
rieties of certain type, Michigan Math. J. 52 (2004), 515–542.
[10] A.A. Kirillov, Elements of the Theory of Represenations, GMW
220, Springer-Verlag, 1976.
[11] S. Kobayashi, Remarks on complex contact manifolds, Proc. Amer.
Math. Soc. 10 (1959), 164–167.
[12] S. Kobayashi, Transformation Groups in Differential Geometry,
Springer-Verlag, 1972.
[13] S. Kobayashi & K. Nomizu, Foundations of Differential Geometry,
Volume I, John Wiley & Sons, Inc., 1963.
[14] B. Kostant, Quantization and unitary representations, Lectures in
Modern Analysis and Applications III, LNM 170, Springer-Verlag,
1970; pp. 87–208.
[15] C. LeBrun & S. Salamon, Strong rigidity of positive quaternion-
Ka¨hler manifolds, Invent. Math. 118 (1994), 109–132.
[16] T. Nitta & M. Takeuchi, Contact structures on twistor spaces, J.
Math. Soc. Japan 39 (1987), 139–162.
[17] A.L. Onishchik & E.B. Vinberg, Lie Groups and Algebraic
Groups, Nauka, Moscow, 1988 (in Russian); Springer-Verlag, 1990.
[18] T. Oshima & H. Komatsu, Partial Differential Equations of First
Order, Iwanami-Shoten, Tokyo, 1977 (in Japanese).
[19] J.-P. Serre, Lie Algebras and Lie Groups, LNM 1500, Springer-
Verlag, 1992.
[20] J.-M. Souriau, Structure of Dynamical Systems: A Symplectic View
of Physics, Birkha¨user, 1997.
[21] H.C. Wang, Closed manifolds with homogeneous complex structure,
Amer. J. Math. 76 (1954), 1–32.
25
[22] J.A. Wolf, Complex homogeneous contact manifolds and quater-
nionic symmetric spaces, J. Math. and Mechanics 14 (1965), 1033–
1047.
[23] O. Yasukura, Quaternion-Ka¨hler manifokds of positive scalar cur-
vature, First MSJ Institute on Geometry and Global Analysis, July
12-23, 1998, Tohoku Univ., Sendai, Japan; Lecture Notes, Volume 2,
pp.399–402. (unpublished)
University of Fukui, 910-8507, Japan
E-mail address: yasukura@apphy.u-fukui.ac.jp
26
